ON THE EQUILIBRIUM OF PLANES.

BOOK II

Proposition 1.

If P, P’ be two parabolic segments and D, K their centres
of grawity respectively, the centre of gravity of the two segments
taken together will be at a point C' on DE determined by the
relation

PP =CF:0D*

In the same straight line with DE measure FH, EL each
equal to DC, and DK equal to DH; whence it follows at once
that DK = CFE, and also that KX('= CL.
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* This proposition is really a particular case of Props. 6, 7 of Book I. and
is therefore hardly necessary. As, however, Book II. relates execlusively to
parabolic segments, Archimedes’ object was perhaps to emphasize the fact
that the magnitudes in I. 6, 7 might be parabolic segments as well as
reetilinear figures. Xis procedure is to substitute for the segments rect-
angles of equal area, a substitution which is rendered possible by the results
obtained in his separate treatise on the Quadrature of the Parabola.
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Apply a rectangle MN equal in area to the parabolic
segment P to a base equal to KH, and place the rectangle so
that K H bisects 1t, and is parallel to its base.

Then D is the centre of gravity of MN, since K= DH.

Produce the sides of the rectangle which are parallel to K H,
and complete the rectangle NG whose base is equal to HL.
Then £ is the centre of gravity of the rectangle NO.

Now (MN): (NO)=KH : HL
=DH : bH
=CL: (0D
=P: P

But (MN)=P.

Therefore (NO)=P".

" Also, since € is the middle point of KL, C is the cenfre
of gravity of the whole parallelogram made up of the two
parallelograms (MN), (NO), which are equal to, and have the
same centres of gravity as, P, I’ respectively.

Hence C is the centre of gravity of P, P’ takeu together.

Definition and lemmas preliminary to Proposition 2.

“If in a segment bounded by a straight line and a section
of a right-angled cone [a parabola] a triangle be inscribed
having the same base as the segment and equal height, if again
triangles be inscribed in the remaining segments having the
same bases as the segments and equal height, and if in the
remaining segments triangles be inscribed in the same manner,
let the resulting figure be said to be inscribed in the
recognised manner (yvopipws éyypadectar) in the segment.

And it is plain

(1) that the lines jotning the two angles of the figure so inscribed
which are mearest to the vertex of the segment, and the next
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pars of angles in order, will be parallel to the base of the
segment,

(2) that the said lines will be bisected by the diameter of the
segment, and

(3) that they will cut the diameter in the proportions of the
successwe odd numbers, the number one having reference to [the
length adjacent to] the vertex of the segment.

And these properties will have to be proved in their proper
places (év Tals Tafeow).”

[The last words indicate an intention to give these pro-
positions in their proper connexion with systematic proofs; but
the intention does not appear to have been carried out, or at
least we know of no lost work of Archimedes in which they
could have appeared. The results can however be easily
derived from propositions given in the Quadrature of the
Parabola as follows.

(1) Let BRQPApgrb be a figure inseribed ‘in the recog-
nised manner’ in the parabolic segment BAb of which Bb is
the base, A the vertex and 40 the diameter.

Bisect each of the lines B, BA, QA4, Aq, Ab, ¢b, and
through the middle points draw lines parallel to A0 meeting
Db in G, F, E, e, f, g respectively.
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These lines will then pass through the vertices B, @, P,
p, q, r of the respective parabolic segments [Quadrature of the
Parabola, Prop. 18], ie. through the angular points of the
inscribed figure (since the triangles and segments are of equal
height).

Also BG=GF=FE=FQ, and Oe=¢f=fg=gb. But
BO = 0b, and therefore all the parts into which Bb 1s divided
are equal.

If now AB, RG@ meet in L, and 4b, r¢ 1n I, we have
BG : GL=B0 : 04, by parallels,
=00 : 04

=bg : gl,
whence GL =gl.

Again [ibid., Prop. 4]
GL : LR=B0: 0¢
=50 : Og

=gl :ir;

and, since GL=gl, LR =1r.
Therefore G R, gr are equal as well as parallel.
Hence GRrg is a parallelogram, and Rr is parallel to Bb.

Similarly it may be shown that Pp, ()g are each parallel
to Bb.

(2) Since RGgr is a parallelogram, and RG, rg are
parallel to A0, while GO = Og, it follows that Rr is bisected

by AO.
And similarly for Pp, Qqg.
(3) Lastly, if ¥, W, X be the points of bisection of Pp,
Qg, Br,
AV : AW :AX : AO=PV*:QW*: RX*®: BO*
=1:4:9:16,
whence AV : VW : WX : X0=1:8:5:7]
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Proposition 2.

If a figure be ‘inscribed in the recognised manner’ in o
parabolic segment, the centre of gravity of the figure so inscribed
will lie on the diameter of the segment.

For, in the figure of the foregoing lemmas, the centre of
gravity of the trapezium BRrb must lie on X0, that of the
trapezinm E@gr on WX, and so on, while the centre of gravity
of the triangle PAp lies on AV.

Hence the centre of gravity of the whole figure lies on .4 0.

Proposition 3.

If BAB', bab’ be two similar parabolic segments whose
diameters are AO, wo respectively, and if a figure be inscribed
wn each segment ‘in the recognised monner, the number of sides
wn each figure being equal, the centres of gravity of the inscribed
Jigures will divide AO, ao in the same ratio.

[Archimedes enunciates this proposition as true of similar
segments, but it is equally true of segments which are not
similar, as the course of the proof will show.]

Suppose BRQPAP'Q'R'B’, brqpap'qr'd to be the two
figures inscribed ‘in the recognised manner. Join PP/, QQ)’,
BR' meeting A0 in L, M, N, and pp’, q¢/, 7’ meeting ao
in f, m, n.

Then [Lemma (3)]

AL : LM : MN: NO
=1:3:5:7
=al : Im : mn : no,
so that 40, ao are divided in the same proportion.
Also, by reversing the proof of Lemma (3), we see that
PP :pp’=QQ" : q¢’=RR' : rv' = BB’ : bb'.

Since then RR’: BB'=rr’:bb’, and these ratios respec-

tively determine the proportion in which NO, no are divided
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by the centres of gravity of the trapezia BER'B’, brr'd’ [1. 15],
it follows that the centres of gravity of the trapezia divide N0,
no in the same ratio.

Similarly the centres of gravity of the trapezia RQQ'R’,
rqq’r’ divide MN, mn in the same ratio respectively, and so on.

Lastly, the centres of gravity of the triangles PAP’, pap’
divide AL, al respectively in the same ratio.

Moreover the corresponding trapezia and triangles are, each
to each, in the same proportion (since their sides and heights
are respectively proportional), while A0, ao are divided in
the same proportion.

Therefore the centres of gravity of the complete inscribed
figures divide A0, ao in the same proportion.

Proposition 4.

The centre of grawvity of any parabolic segment cut off by o
strarght line lies on the diameter of the segment.

Let BAB’ be a parabolic segment, 4 1ts vertex and A0 1its
diameter.

Then, if the centre of gravity of the segment does not lie on
A0, suppose it to be, if possible, the point F. Draw FE
parallel to AO meeting BB’ in E.
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Inscribe in the segment the triangle A BB’ having the same
vertex and height as the segment, and take an area S such

that
AABB : S=BE : EO,

L

K B

BI

We can then inscribe in the segment ‘in the recognised
manner’ a figure such that the segments of the parabola left
over are together less than 8. [For Prop. 20 of the Quadrature
of the Parabola proves that, if in any segment the triangle with
the same base and height be inscribed, the triangle is greater
than half the segment; whence it appears that, each time that
we increase the number of the sides of the figure inscribed ¢in
the recognised manner, we take away more than half of the
remaining segments.]

Let the inscribed figure be drawn accordingly ; its centre
of gravity then lies on 40 {Prop. 2]. Let it be the point /.

Join HF and produce it to meet in K the line through B
parallel to 40.

Then we have

(inscribed figure) : (remainder of segmt.) > A ABB’ : 8
>BE : EO
>KF: FH,

Suppose L taken on HK produced so that the former ratio is
equal to the ratio LF : FH,



END OF SAMPLE TEXT

The Complete Text can be found on our CD:
Primary Literary Sources For Ancient Literature
which can be purchased on our Website :
www.Brainfly.net

or

by sending $64.95 in check or money order to :
Brainfly Inc.

5100 Garfield Ave. #46

Sacramento CA 95841-3839

TEACHER’S DISCOUNT:

If you are a TEACHER you can take advantage of our teacher’s
discount. Click on Teachers Discount on our website
(www.Brainfly.net) or Send us $55.95 and we will send you a full copy
of Primary Literary Sources For Ancient Literature AND our
5000 Classics CD (a collection of over 5000 classic works of litera-
ture in electronic format (.txt)) plus our Wholesale price list.

If you have any suggestions such as books you would like to see
added to the collection or if you would like our wholesale prices list

please send us an email to:

webcomments @brainfly.net



http://www.brainfly.net/teachers.htm
http://www.brainfly.net
mailto:webcomments@brainfly.net



