BOOK NINE

ProrosiTion 1

If two simzlar plane numbers by multiplying one another make some number, the
product will be square.
Let 4, B be two similar plane numbers, and let 4 by multiplying B make C;
1 say that C is square.

A For let A by multiplying itself make D.
B .
Therefore D is square.
¢ Since then A by multiplying itself has made
D D, and by multiplying B has made C,
therefore, as 4 is to B, sois D to . [vII. 17]

And, since 4, B are similar plane numbers, -

therefore one mean proportional number falls between A, B. [viiI. 18]

But, if numbers fall between two numbers in continued proportion, as many
as fall between them, so many also fall between those which have the same
ratio; : [vii1. §]
so that one mean proportional number falls between D, (' also.
And D is square; ,
therefore €' is also square. [viir. 22]

| Q. E. D.

Prorosrrion 2
If two numbers by multiplying one another make a square number, they are similar
plane numbers.

. Let A, B be two numbers, and let A by multiplying B make the square num-
er C;

A I say that 4, B are similar plane numbers.
B ‘ For let 4 by multiplying itseif make D;

c therefore D is square. ‘

b Now, since A by multiplying itself has

made D, and by multiplying B has made C,
therefore, as 4 is to B, so is D to C. (VI 17]
And, since D is square, and C is so also,
therefore D, C are similar plane numbers.

Therefore one mean proportional number falls between D, C. [viII. 18]
And, as D is to C, so is A to B |
erefor.e one mean proportional number falls between 4, B also. [vir. 8]
) B_Ut, If one mean proportional number fall between two numbers, they are
Smilar plane numbers ; | [vir. 20]
therefore A, B are similar plane numbers. Q. E. D.
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ProOPOSITION 3

If a cube number by multiplying itself make some number, the product will be
cube.
For let the cube number A by multiplying itself make B;
1 say that B is cube.
For let C, the side of A4, be taken, and let C by multiplying itself make D.
It is then manifest that C by multiplying D has made A.

Now, since C by multiplying itself has made D, A—
therefore C measures D according to the units in itself. B -
But further the unit also measures C according to the ¢— D—
units in it;
therefore, as the unit is to C, so is C to D. [vi1. Def. 20}

Again, since €' by multiplying D has made 4,
therefore D measures 4 according to the units in C.
But the unit also measures C according to the units in it;
therefore, as the unit is to C, so is D to 4.
But, as the unit is to C, so is C to D;
therefore also, as the unit is to C, so is €' to D, and D to A.
Therefore between the unit and the number A two mean proportional num-
bers C, D have fallen in continued proportion.
Again, since 4 by multiplying itself has made B,
therefore A measures B according to the units in itself.
But the unit also measures A according to the units in it;
therefore, as the unit is to 4, so is 4 to B. [viL. Def. 20}
But between the unit and A two mean proportional numbers have fallen;
therefore two mean proportional numbers will also fall between 4, B.  [viI1. §]
But, if two mean proportional numbers fall between two numbers, and the
first be cube, the second will also be cube. [VIII. 23]
And A is cube;
therefore B is also cube. Q. E. D.

PROPOSITION 4

If a cube number by muliiplying a cube number make some number, the product
will be cube.
For let the cube number A by multiplying the cube number B make C;

I say that C is cube. A
Tor let A by multiplying itself make D; 8
therefore D is cube. [1x. 3]

C

And, since A by multiplying itself has
made D, and by multiplying B has made C
therefore, as A is to B, sois D to C. [viL. 17]
And, since A, B are cube numbers,
A, B are similar solid numbers.
Therefore two mean proportional numbers fall between 4, B; [vizr. 19]
so that two mean proportional numbers will fall between D, C also. [VIIL. 8]
And D is cube;

therefore C is also cube v, 23]
Q. E. D.




ELEMENTS IX 173

PROPOSITION &

Ifa cube number by multiplying any number make a cube number, the multiplied
number will also be cube.
For let the cube number A by multiplying any number B make the cube
pumber C;
I say that B is cube.

A For let A by multiplying itself make I);

A therefore D is cube. [1X. 3]

c Now, since A by multiplying itself has

0 made D, and by multiplying B has made
C,

therefore, as 4 is to B, sois D to C. [vi1. 17]

And since D, C are cube,
they are similar solid numbers.

Therefore two mean proportional numbers fall between D, C. [vii1. 19]
And, as D is to €, sois 4 to B;
therefore two mean proportional numbers fall between 4, B also. [vim. §]

And A is cube;
therefore B is also cube. [vii. 23]

ProrosiTiON 6

If a number by multiplying itself make a cube number, 1t will itself also be cube.

For let the number A4 by multiplying itself make the cube number B,
I say that A4 is also cube.

For let A by multiplying B make C.

Sinece, then, A by multiplying itself has made B, and
by multiplying B has made C,

therefore C is cube.
And, since A by multiplying itself has made B,
therefore A measures B according to the units in itself.
But the unit also measures A according to the units in it.
Therefore, as the unit is to 4, so is 4 to B. [vir. Def. 20]
And, since A by multiplying B has made C,
therefore B measures C according to the units in A.
But the unit also measures 4 according to the units in it.
Therefore, as the unit is to 4, so is B to C. [vi1. Def. 20]
But, as the unit is to 4, so is A to B;
therefore also, as A is to B, sois B to C.
And, since B, € are cube,
they are similar solid numbers.

| Therefore there are two mean proportional numbers between B, C. [vIz1. 19]
And, as Bisto C, so is A to B.
Therefore there are two mean proportional numbers between 4, B also.
[viII. 8]

And B is cube;
therefore A is also cube. [ef. vIIr. 23]
Q. E. D.
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ProrosiTioN 7

If a composite number by mulliplying any number make some number, the product
will be solid. _
For, let the composite number A by multiplying any number B make C;

I say that C is solid.

For, since A is composite, it wili be
measured by gome number.
fvir. Def. 13]
Let it be measured by D;
and, as many times as D measures 4,
so many units let there be in K.
Since, then, D measures 4 according to the units in £,
therefore E by multiplying D has made A. [viL. Def. 15}
And, since A by multiplying B has made C,
and A is the produet of D, &,
therefore the product of D, E by multiplying B has made C.
Therefore C is solid, and D, E, B are its sides. Q. E. D.

A
B
c
D

PROPOSITION 8

If as many numbers as we please beginning from an unit be in continued propor-
tion, the third from the unit will be square, as will also those which successively
leave out one; the fourth will be cube, as will also all those which leave out two; and
the seventh will be at once cube and square, as will also those which leave out five.

Let there be as many numbers as we please, 4, B, C, D, E, F, beginning
from an unit and in continued proportion;

I say that B, the third from the unit, issquare, asare also
all those which leave out one; C, the fourth, is cube, as
are also all those which leave out two; and I, the sev-
enth, is at once cube and square, as are also all those
which leave out five. '

For since, as the unit is to 4, so is 4 to B,
therefore the unit measures the number A the same number of times that 4
measures B. fvir. Def. 20}

But the unit measures the number 4 according to the units in it;

therefore 4 also measures B according to the units in A.

Therefore 4 by multiplying itself has made B;

. therefore B is square.
And, since B, C, D are in continued proportion, and B is square,
therefore D is also square. . [vii. 22]

Mmoo oW

For the same reason
F is also square.
Similarly we can prove that all those which leave out one are square.
I say next that C, the fourth from the unit, is cube, as are also all those which
leave out two.
For since, as the unit is to 4, sois B to C,
therefore the unit measures the number A the same number of times that B

measures C. _
But the unit measures the number 4 according to the units in 4;
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therefore B also measures C according to ‘the units in 4.
Therefore A by multiplying B has made C.
gjnce then A by multiplying itself has made B, and by multiplying B has
made C;
therefore C is cube.
And, since C, D, E, F are in continued proportion, and C is cube,
therefore F is also cube. [VIII. 231
But it was also proved square;
therefore the seventh from the unit is both cube and square.
Qimilarly we can prove that all the numbers which leave out five are also
both cube and square. : Q. E. D.

ProrosiTION ©

If as many numbers as we please beginning from an unat be in continued propor-
tion, and the number after the unzt be square, all the rest will also be square. And,
if the number after the unit be cube, all the rest will also be cube.

Let, there be as many numbers as we please, A, B, C, D E F, begmnmg
from an unit and in oontmued proportion, and lct A,
the number after the unit, be square;

I say that all the rest will also be square.

Now 1t has been proved that B, the third from the

unit, is square, as are also all those which leave out one;
[rx. 8]

Mmoo O |

T say that all the rest are also square.
For, since A, B, (' are in continued proportion,
and A is square, ‘
therefore € is also square. [viII. 22]
Again, since B, C, D are in continued proportion, : : :
and B is square,

‘ D is also square. [viiI. 22]
Similarly we can prove that all the rest are also square. '
Next, let 4 be cube;

I say that all the rest are also cube.

Now it has been proved that C, the fourth from the unit, is cube, as also are
all those which leave out two; [x. 8]
I say that all the rest are also cube.

For, since, as the unit is to A, s0is A to B,
therefore the unit measures A the same number of times as A measures B.
But the unit measures A according to the units in it;
therefore 4 also measures B according to the unlts in itgelf;
therefore A by multiplying itself has made B.
And 4 is cube. Y blying

. But, if 8 cube number by multiplying itself make some number the product
is cube. [1x. 3]

Therefore B is also cube.

And, Slnce the four numbers 4, B, C, D are in continued proportion,
and A 1s cube, :
D also is cube. [virr. 23]




176 EUCLID

For the same reason
E is also cube, and similarly all the rest are cube. Q. E. .

ProrositioN 10

If as many numbers as we please beginning from an unit be ¢n continued propor-
tion, and the number after the unit be not square, neither will any other be square
except the third from the unit and all those which leave out one. And, ¢f the number
after the unit be not cube, neither will any other be cube excepl the fourth from the
unit and all those which leave out two. :

Let there be as many numbers as we please, 4, B, C, D, E, F, beginning from
an unit and in continued proportion,

and let A, the number after the unit, not be square;

T say that neither will any other be square except the third from the unit
<and those which leave out one>.

For, if possible, let C' be square. A—o

But B is also square; x.8] B
ltherefore B, C have to one another the ratio
which a square number has to a square number].

And, as Bis to C, sois A to B;
therefore A, B have to one another the ratio
which a square number has to a square number;
[so that A, B are similar plane numbers]. [VIII. 26, converse]

And B is square;

m Mmoo

therefore A is also square:
which is contrary to the hypothesis.

Therefore C is not square.

Similarly we can prove that neither is any other of the numbers square ex-
cept the third from the unit and those which leave out one.

Next, let A not be cube.

I say that neither will any other be cube except the fourth from the unit and
those which leave out two.

For, if possible, let D be cube.

Now C is also eube; for it is fourth from the unit. {1x. 8]

And, as C is to D, so is B to C;

therefore B also has to C the ratio which a cube has to a cube.
And C is cube;
therefore B is also cube. [virr. 25]
And since, as the unit is to 4, sois 4 to B,
and the unit measures 4 according to the units in it,
therefore A also measures B according to the units in itself;
therefore A by multiplying itself has made the cube number B.

But, if a number by multiplying itself make a cube number, it is also itself
cube. [rx. 6]

Therefore A is also cube:

which is contrary to the hypothesis.

Therefore D is not cube. _

Similarly we can prove that neither is any other of the numbers cube except
the fourth from the unit and those which leave out two. Q. E. D.
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Prorostiion 11

1f as many numbers as we please beginning from an unit be in continued propor-
ton, the less measures the greater according to some one of the numbers which have
lace among the proportional numbers.
Let there be as many numbers as we please, B, C, D, E, beginning from the
unit A and in continued proportion;
I say that B, the least of the numbers B, C, D, E,

A" measures ¥ according to some one of the numbers C, D.

B—— For since, as the unit 4 is to B, sois D to E,

Cr— therefore the unit A measures the number B the same

D number of times ag D measures E;

E therefore, alternately, the unit 4 measures D the same
number of times as B measures E. [viI. 15]

But the unit 4 measures D according to the units in it;
therefore B also measures # according to the units in D;
so that B the less measures F the greater according to some number of those
which have place among the proportional numbers.—

Porism. And it is manifest that, whatever place the measuring number has,
reckoned from the unit, the same place also has the number according to which
it measures, reckoned from the number measured, in the direction of the num-
ber before it.— Q. E. D.

ProrosiTion 12
If as many numbers as we please beginning from an unit be in continued propor-
tion, by however many prime numbers the last is measured, the next to the unit will
also be measured by the same.

Let there be as many numbers as we please, 4, B, C, D, beginning from an
unit, and in continued proportion;

I say that, by however many prime numbers D is measured, 4 will also be
measured by the same.

For let D be measured by any prime number E;

A—nu F I say that F measures 4.

R G For suppose it does not;
e H now £ is prime, and any prime
D number is prime to any which it
E— does not measure; [vir. 29]

therefore E, A are prime to one another.
And, since F measures D, let it measure it aceording to F,
' therefore E by multiplying F has made D.
Again, si‘nce A measures D according to the units in C, [1x. 11 and Por.]
therefore 4 by multiplying € has made D.
But, further, E has also by multiplying ¥ made D;
therefore the product of 4, C is equal to the product of E, F.
Therefore, as A is to E,sois F to C. [viL. 19]
ut 4, £ are prime,
and 4, prin}es are also least, [vir. 21]
: ¢ least measure those which have the same ratio the same number of
™Mes, the antecedent the antecedent and the consequent the consequent;

[vii. 20]
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